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Abstract

In this study, we develop and analyze efficient numerical schemes for solving the ill-posed com-
plex Helmholtz equation in both two and three spatial dimensions under Dirichlet boundary
conditions. The spatial discretization is carried out using the classical finite difference method
and the nonstandard finite difference method, with the latter offering enhanced stability. The
resulting linear systems are large, sparse, and highly sensitive to perturbations, reflecting the
ill-posed nature of the problem. To address these challenges, two advanced iterative solvers are
employed: themultigridmethod, with the generalizedminimal residual used as a smoother, and
the bi-conjugate gradient stabilized method. Numerical experiments compare the computed
solutions with solutions to verify accuracy, and condition numbers are evaluated to assess ill-
posedness and stability. The results demonstrate that multigrid achieves robust and stable con-
vergence, particularly in cases where the bi-conjugate gradient stabilizedmethod fails, while the
nonstandard finite difference method consistently improves numerical stability compared with
the classical finite difference method.
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1 Introduction

The complex Helmholtz equation is a key tool for describing time-harmonic wave propagation
in various fields such as acoustics, and electromagnetics. Despite its widespread use, accurately
solving this equation especially at high frequencies poses considerable numerical difficulties. This
is largely due to the equation’s indefinite, complex-valued, and non-Hermitian characteristics,
which make traditional computational methods less effective. To address these numerical chal-
lenges, recent research has introduced advanced strategies, including learning–based operator
approaches and meshless Galerkin least-square methods [7, 22]. In addition, a wide range of nu-
merical strategies has been developed over the years to enhance accuracy and efficiency, such as
high-order finite elementmethods [8], least-squares finite elementmethods [35], spectral element
methods [27], radial basis function-generated finite difference schemes [25], and hybridizable dis-
continuous Galerkin methods [6].

Many numerical methods have useful features, but they can be hard to implement and often
need a lot of computing power especially for problems of higher dimensions. On the other hand,
the finite difference method (FDM) is still widely used because it is simple and flexible. It works
by using values on a grid to approximate derivatives, which makes it popular in physics and
engineering. However, FDM has some drawbacks. It can struggle with accuracy and stability, and
it may not capture important features of the solution. These problems become more noticeable in
complex situations or when the results are very sensitive to changes in parameters [24, 34]. An
efficient algorithm based on the FDM with successive over-relaxation was developed for solving
the Poisson–Boltzmann equation, resulting in a significant reduction in computational time. The
method included an improved relaxation parameter, highlighting the importance of enhancing
iterative strategies to accelerate the numerical solutions of elliptic equations [28].

To overcome these challenges, nonstandard finite difference (NSFD) schemes have been in-
troduced as a more reliable alternative, providing accurate and stable numerical solutions for
dynamical systems [2]. NSFD approaches have been successfully applied to various problems,
including fractional Navier–Stokes equations [33] and multi–dimensional second-order systems
in non-smooth mechanics [11], demonstrating improved stability and adaptability. Recent work
has further confirmed the efficiency of NSFD-based schemes when combined with advanced iter-
ative solvers such as bi-conjugate gradient stabilized (BiCGSTAB) andmultigrid (MG), achieving
faster convergence and higher accuracy, particularly on fine grids [17].

The Helmholtz equation at high wave numbers has attracted significant attention from re-
searchers due to themajor challenges inmaintaining numerical accuracy and stability, as well as in
correctly capturingwave properties such as phase and amplitude [21, 23]. Unlike the positive defi-
nite Helmholtz equation, the indefinite Helmholtz equation ismuch harder to solve using classical
iterative methods. Standard Krylov solvers and common preconditioners such as MG often fail or
converge very slowly, especially for large wave numbers. This difficulty has motivated the devel-
opment of specialized techniques to improve stability and convergence for indefinite Helmholtz
problems [16].

Linear systems of equations that arise from thediscretization of theHelmholtz equationpresent
considerable difficulties. Due to their large size, sparse structure, and high computational cost, di-
rect solution methods are often impractical. This study utilizes advanced iterative solvers known
for their scalability and efficiency in handling large-scale problems [14, 3]. One popular approach
is the BiCGSTABmethod, which is specifically developed to handle non-symmetric and indefinite
linear systems. It is particularly appreciated for its ability to stabilize the iteration process, leading
to better convergence when dealing with complex-valued problems [38]. MG methods are also
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used because they work with multiple levels of spatial grids to quickly reduce errors at differ-
ent scales. However, how well they perform depends a lot on the smoothing techniques applied
[40, 18]. In recent studies, MG has been effectively combined with high-order compact difference
schemes, such as the sixth-order approach, leading to improved accuracy and faster convergence
compared with conventional lower-order methods [19]. In this study, the generalized minimal
residual (GMRES) method is used as a smoother within the MG cycles to help speed up conver-
gence by effectively reducing high-frequency errors [13, 15]. The analysis focuses on important
factors like how fast the method converges, the accuracy of the solution, and the overall reliability
of the solver.

Recent advances in integral-equation methods and numerical analysis have strengthened the
theoretical and computational toolkit available for nonlocal and fractional problems. In particular,
Mahdy [26] studied stability, existence, and uniqueness results for a fractional model of glioblas-
toma multiforme using the Caputo–Fabrizio derivative and discussed the numerical integration
steps required for that model, highlighting the importance of rigorous stability and uniqueness
analysis when designing numerical schemes for nonlocal operators.

In summary, the contributions of this study can be stated as follows. First, we present a com-
parative investigation of two iterative solvers, the MGmethod and the BiCGSTABmethod, for the
ill-posed complex Helmholtz equation in both 2D and 3D cases. Second, we employ both the clas-
sical FDM and theNSFDM,where the latter demonstrates improved stability near the boundaries.
Finally, a novel aspect of this work is the use of GMRES as a smoother within the MG framework,
which enhances convergence for indefinite and oscillatory systems. These contributions underline
the originality of the proposed framework and justify the motivation of this study.

2 FDM and NSFDMethods

The Helmholtz equation describes time-harmonic wave propagation and is typically written
as:

∇2u(x, y, z) + k2u(x, y, z) = 0, (x, y, z) ∈ [0, 1]× [0, 1]× [0, 1], (1)

where k is the wavenumber, and ∇2 denotes the Laplacian operator in three dimensions:

∇2u(x, y, z) =
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
. (2)

We impose Dirichlet boundary conditions on all boundaries of the domain:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(0, y, z) = h1(y, z), (y, z) ∈ [0, 1]× [0, 1],

u(1, y, z) = h2(y, z), (y, z) ∈ [0, 1]× [0, 1],

u(x, 0, z) = h3(x, z), (x, z) ∈ [0, 1]× [0, 1],

u(x, 1, z) = h4(x, z), (x, z) ∈ [0, 1]× [0, 1],

u(x, y, 0) = h5(x, y), (x, y) ∈ [0, 1]× [0, 1],

u(x, y, 1) = h6(x, y), (x, y) ∈ [0, 1]× [0, 1].

(3)

Here, the functions h1, h2, . . . , h6 are the given boundary values, and the solution u(x, y, z) is
sought in the domain [0, 1]× [0, 1]× [0, 1].
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At an interior grid point (i, j, k), the Helmholtz equation is discretized using a second-order
finite difference (FD) scheme, resulting in the following form:

ui+1,j,k − 2ui,j,k + ui−1,j,k

(∆x)2
+

ui,j+1,k − 2ui,j,k + ui,j−1,k

(∆y)2

+
ui,j,k+1 − 2ui,j,k + ui,j,k−1

(∆z)2
+ k2ui,j,k = 0.

(4)

On a uniform grid where the mesh sizes in all directions are equal, ∆x = ∆y = ∆z = h, the
equation can be rearranged as:

ui,j,k =
−1

−6 + h2k2
(−ui+1,j,k − ui−1,j,k − ui,j+1,k − ui,j−1,k − ui,j,k+1 − ui,j,k−1) . (5)

Equation (4) can also be discretized using the Nonstandard Finite Difference (NSFD) frame-
work. At an interior grid point (i, j, k), the NSFD discretization of the Helmholtz equation takes
the form:

ui+1,j,k − 2ui,j,k + ui−1,j,k

ϕ1(∆x)
+

ui,j+1,k − 2ui,j,k + ui,j−1,k

ϕ2(∆y)

+
ui,j,k+1 − 2ui,j,k + ui,j,k−1

ϕ3(∆z)
+ k2ui,j,k = 0.

(6)

Here, ui,j,k represents the numerical approximation at the grid point (xi, yj , zk), while ϕ1(∆x),
ϕ2(∆y), and ϕ3(∆z) are the nonstandard denominator functions. Unlike the standard FD scheme
where denominators are simply (∆x)2, (∆y)2, and (∆z)2, these functions are carefully constructed
to better capture the oscillatory nature of wave propagation.

Following the NSFD design principles, the denominator functions are defined as:

ϕ1(∆x) =
h√︁

1 + (M1h)2/12
, ϕ2(∆y) =

h√︁
1 + (M2h)2/12

, ϕ3(∆z) =
h√︁

1 + (M3h)2/12
,

where h denotes the grid spacing (assumed uniform for simplicity), andM1,M2,M3 are constants
related to the wavenumber k and the propagation direction of the solution.

Remarks.

• These nonstandarddenominator functions act as correction factors that compensate for phase
errors in the numerical dispersion of standard FD schemes.

• By incorporating the termsM1,M2, andM3, the NSFD scheme aligns more closely with the
analytical properties of the solution, particularly for oscillatory problems like the Helmholtz
equation.

• This adjustment improves stability, reduces numerical dispersion, and allows accurate ap-
proximation with coarser grids compared to classical FDM.

After using both the FDM and NSFD to discretize the complex Helmholtz equation schemes,
the continuous PDE is converted into linear algebraic system. This step is important because it
lets us use efficient iterative methods to find an approximate solution. The effectiveness of the
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NSFD approach in improving numerical stability and preserving essential properties of the origi-
nal problemhas also been demonstrated in other studies, such as Raza et al. [31], who successfully
applied the NSFD scheme to simulate a fractional-order epidemiological model with enhanced
stability and accuracy.

In this study, we focus on two advanced iterative methods to tackle these difficulties. The first
is theMGmethod, known for its fast and efficient error reduction at different levels, helping speed
up convergence even with oscillating problems. The second is the BiCGSTAB algorithm, which
works well for solving large, sparse, and non-symmetric systems that often come fromHelmholtz
equation discretizations.

3 Iterative Methods

Recent studies have focused on refining classical iterative schemes to enhance convergence and
stability, particularly for stiff or ill-conditionedproblems. For instance, Xu et al. [42] proposed a re-
fined Successive Over-Relaxation (SOR)method based on a linear rational finite difference formu-
lation, demonstrating faster convergence and improvednumerical accuracy for integro-differential
equations. Such developments highlight the continuous effort to optimize iterative solvers for
complex numerical models.

Iterative methods are basic techniques used to solve linear systems like,

Ax = b, (7)

where

A ∈ Rn×n is a non-singular square matrix,
b ∈ Rn is a right-hand side vector,
x ∈ Rn is the unknown solution vector.

These methods are effective when systems are large or sparse, where the computational cost of
direct methods, such as Gaussian elimination can be too expensive. Iterative solvers work by re-
peatedly improving an initial guess through simple calculations until a set accuracy or stopping
condition is reached [41]. Iterative methods are often faster and more efficient than direct solvers
in real-world applications like numerical simulations, structural analysis, and solving partial dif-
ferential equations, due to their reduced memory requirements and computational overhead.

Prominent iterative algorithms studied in the literature include the Jacobi method, Gauss-
Seidel method, gradient-based approaches, as well as more advanced techniques like the con-
jugate gradient method and BiCGSTAB, which are widely used for solving symmetric and non-
symmetric linear systems, respectively. In addition,MGmethods have gained significant attention
due to their optimal complexity and their ability to accelerate convergence throughmulti-level cor-
rection strategies.

3.1 MG method

MG algorithms solve this problem by utilizing a series of grids with different resolutions. The
main components of a MG method are [20]:
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1. Smoothers (e.g., Gauss–Seidel, Jacobi):
Applied on all levels except the coarsest to damp high-frequency errors.

2. Coarse-grid solver:
Provides an exact or approximate solution on the coarsest level, where the system size is
sufficiently small.

3. Inter-grid transfer operators:

• Restriction transfers residuals from fine to coarse grids.
• Prolongation interpolates corrections back from coarse to fine grids.

4. Cycling strategy:
Controls how the method transitions between different grid levels (e.g., V-cycle, W-cycle).

Figure 1: The MG (V-cycle) process, including pre-smoothing, coarse-grid correction, and post-smoothing at various grid levels.

On uniform fine grids, whenwe use classical iterativemethods like Jacobi or Gauss-Seidel may
require a large number of iterations, especially for problems such as the Poisson equation. This
is because they are inefficient at removing low-frequency errors. MG methods overcome this by
transferring the error from fine grid to coarser grids thus accelerating overall convergence. For
an in-depth discussion of MG methods, the reader is referred to standard references [37, 4]. A
particularly important component of the multigrid method is the smoother. Classical smoothers
are effective for symmetric positive-definite systems, but may perform poorly for non-symmetric
or indefinite problems. To handle such cases, GMRES can be used as a smoother. GMRES is well-
suited for non-symmetric, ill-conditioned linear systems and provides a more robust smoothing
strategy in those contexts. This work investigates the use of GMRES as a smoother within a MG
framework for solving the linear system defined in (7).

In Algebraic Multigrid (AMG), the multilevel structure is constructed based on the matrix
rather than the physical grid. The goal is to eliminate the smooth error, which standard relaxation
fails to reduce, through coarse-grid correction [30]. This process involves solving the residual
equation,

Ae = r, (8)
on a coarser grid, where e is the error and r is the residual. The computed error is then interpolated
back to the fine grid, and the current solution is updated as,

u← u+ e. (9)
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For notational clarity, the matrix A = [aij ] is indexed so that i and j correspond to nodes on a
computational grid Γ, and the vector x = [xi] represents the solution at each grid point.

3.1.1 Core components and structure of the AMGmethod

The AMGmethod relies on several key components that are constructed during a preliminary
setup phase. These components are:

1. A sequence ofM grid levels represented by index sets of computational nodes,

Γ1 ⊃ Γ2 ⊃ . . . ⊃ ΓM .

2. A series of system matrices A1, A2, . . . , AM , each corresponding to a different grid level.
3. Interpolation operators P1, P2, . . . , PM−1 that transfer corrections from coarse to fine levels.
4. Restriction operators R1, R2, . . . , RM−1 that transfer residuals from fine to coarse levels.
5. Smoothers S1, S2, . . . , SM−1, used to damp high-frequency error components.

These elements are defined during the setup phase, which proceeds as follows:

Algorithm 1 AMG setup phase
1: Initialize the fine-level grid:
2: Set: Γ1 = Γ
3: for k = 1 toM − 1 do
4: Partition the set Γk into two disjoint subsets: the set of coarse points Ck and the set of fine

points Fk. The choice of coarse points is crucial:
5: Coarse points Ck form the next grid level Γk+1.
6: Fine points Fk are interpolated from Ck.
7: Selection can be based on:
8: Ruge–Stüben coarsening (strength of connections).
9: Aggregation (grouping nodes into aggregates).
10: The objective is to capture smooth error components on coarse grids while ensuring that the

coarse problem remains significantly smaller.
11: Define the next coarser level: Γk+1 = Ck.
12: Construct the interpolation operator Pk.
13: Define the restriction operator Rk (commonly Rk = PT

k ).
14: Form the coarse-level system matrix:
15: Ak+1 = RkAkPk.
16: Prepare the smoother Sk.
17: end for

After the setup is complete, AMG proceeds with a recursive MG cycle, most often a V-cycle
denoted as MGV, following the notation in [9, 1]. While other cycles (e.g., W-cycle or F-cycle)
exist, this work focuses on the V-cycle approach.
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Algorithm 2Multigrid V-Cycle (MGV)
1: if k = M (coarsest level) then
2: Solve the system AMxM = bM directly using a direct solver.
3: else
4: Apply the smoother Sk for µ1 iterations to approximately solve Akxk = bk.
5: Compute the residual: rk = bk −Akxk (preparing for coarse-grid correction).
6: Restrict the residual to the coarser grid: rk+1 = Rkrk.
7: Recursively call the V-cycle on the next coarser level:
8: MGV(Ak+1, Rk+1, Pk+1, Sk+1, ek+1, rk+1).
9: Interpolate the error back to the fine grid: ek = Pkek+1.
10: Correct the solution: uk = uk + ek.
11: Apply the smoother Sk again for µ2 iterations to further reduce the error.
12: end if

AMGmethods have gained renewed attention due to their effectiveness in solving large-scale
problems on unstructured grids. Recent studies have explored their scalability and applicabil-
ity across various physical models, highlighting both their strengths and limitations. Moreover,
current research trends focus on improving the robustness of AMG in cases where standard for-
mulations perform poorly [29]. In classical AMG, the smoothing step is typically performed us-
ing simple stationary iterative methods, such as Jacobi, Gauss–Seidel, or an incomplete LU (ILU)
factorization as in [5]. These smoothers are designed to effectively reduce high-frequency error
components with minimal computational cost. However, in this work, we adopt a non-standard
approach by employing GMRES as the smoother at each level. This decision is motivated by the
fact that traditional smoothers often perform poorly for the type of systems considered. By apply-
ing GMRES with a small, fixed number of iterations (typically two or three), we achieve a more
robust smoothing effect while keeping the computational overhead reasonable.

3.2 GMRES method

The GMRES method is one of the most widely used Krylov subspace iterative algorithms for
solving large, sparse, and nonsymmetric linear systems. Unlike direct methods, which may be-
come computationally expensive or infeasible for high-dimensional problems, GMRES provides
an efficient iterative alternative by minimizing the residual norm over a sequence of Krylov sub-
spaces. Since its introduction over 35 years ago [43], GMRES has undergone several develop-
ments and optimizations. The core idea behind GMRES lies in projecting the original system onto
a lower-dimensional subspace and then, solving the resulting least-squares problem to find the
best approximate solution within that subspace. This approach not only accelerates convergence
in many practical problems but also offers flexibility in terms of the restart technique. To address
stability concerns in certain scenarios, Reichel and Ye proposed a breakdown-free variant of GM-
RES designed particularly for singular systems [32], and improvedmethods for solving large-scale
ill-conditioned systems [12], have enhanced its applicability for large and difficult problems.

3.3 The BiCGSTAB method

The BiCGSTAB method is an effective iterative technique for solving large, sparse, and non-
symmetric linear systems. It belongs to the broader family of Krylov subspace methods, which
are widely recognized for their ability to efficiently tackle large-scale problems, particularly when
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direct solvers are computationally prohibitive. The BiCGSTABmethod originates from the Conju-
gate Gradient Squared (CGS) algorithm developed by Sonneveld [36], which itself is based on the
Bi-Conjugate Gradient (BiCG)method. The BiCG approach uses the Lanczos biorthogonalization
process [39]. Thesemethods combine to form a strong approach for solving non-symmetric linear
systems iteratively, which are frequently encountered in science and engineering problems.

4 Numerical Tests

To evaluate the effectiveness of the proposed method, we examine two problems governed
by the complex Helmholtz equation. These problems are discretized using both the NSFD and
the Standard Finite Difference Method (SFDM). The resulting linear systems are solved with two
iterative solvers: MG-GMRES and BiCGSTAB. The analysis is carried out formultiple values of the
wave number k to assess the method’s robustness under varying conditions. We present visual
results of the computed solutions along with their error distributions to demonstrate the accuracy
of the approximations. A consistent convergence criterion of ε = 10−15 is applied to all grid sizes
N also compute condition number (COND).

The accuracy of the computed solutions is evaluated through error norms in both the real and
imaginary parts:

• LReal
2 , L

Imag
2 and combined L2 norm,

• LReal
∞ , LImag

∞ and combined L∞ norm.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LReal
2 =

⎡⎣ N∑︂
i=0

N∑︂
j=0

|u(x, y, 0.5)− ũ(x, y, 0.5)|2
⎤⎦1/2

,

L
Imag
2 =

⎡⎣ N∑︂
i=0

N∑︂
j=0

|v(x, y, 0.5)− ṽ(x, y, 0.5)|2
⎤⎦1/2

,

|L2| =

√︃(︁
LReal
2

)︁2
+
(︂
L
Imag
2

)︂2

.

(10)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
LReal
∞ = maxi maxj |u(x, y, 0.5)− ũ(x, y, 0.5)| ,

L
Imag
∞ = maxi maxj |v(x, y, 0.5)− ṽ(x, y, 0.5)| ,

|L∞| =

√︃
(LReal

∞ )
2
+
(︂
L
Imag
∞

)︂2

,

(11)

where ũ and ṽ are the approximations of u and v, respectively.

The Helmholtz equation, which arises in various wave propagation and scattering applica-
tions, is particularly challenging to solve numerically due to its indefinite and oscillatory nature.
Cools et al. [10] proposed a new level-dependent coarse grid correction scheme for indefinite
Helmholtz problems, which demonstrated improved MG performance and motivates the present
study of iterative solvers for such challenging systems.
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Example 4.1. Consider the following two-dimensional Helmholtz equation,

∂2U

∂x2
+

∂2U

∂y2
+K2U = 0, (12)

and the exact solution is given by,

U(x, y) = ei(k1x+k2y), (13)

where

k1 = k cos θ, k2 = k sin θ.

Tables 1−3 present the numerical results obtained using the MG-GMRES method, the NSFD
method and the MG-GMRES method, respectively.

Table 1: Solution of Example 4.1 using the MG-GMRES method with parameters θ =
π

2
and k = 3.

N Method LReal
2 L

Imag
2 |L2| |L∞| COND

32 SFDM 8.55× 10−5 3.75× 10−4 3.85× 10−4 7.44× 10−4 1.229× 103

NSFDM 3.53× 10−8 1.54× 10−7 1.58× 10−7 3.06× 10−7 -
64 SFDM 2.20× 10−5 9.67× 10−5 9.91× 10−5 1.92× 10−4 4.779× 103

NSFDM 2.30× 10−9 8.29× 10−9 8.61× 10−9 1.73× 10−8 -
128 SFDM 5.60× 10−6 2.45× 10−5 2.52× 10−5 4.87× 10−5 1.883× 104

NSFDM 5.18× 10−10 6.40× 10−9 6.42× 10−9 1.57× 10−8 -
256 SFDM 1.41× 10−6 6.18× 10−6 6.34× 10−6 1.23× 10−5 7.477× 104

NSFDM 9.61× 10−12 4.21× 10−11 4.32× 10−11 8.35× 10−11 -
512 SFDM 3.54× 10−7 1.55× 10−6 1.59× 10−6 3.08× 10−6 2.979× 105

NSFDM 2.20× 10−12 9.40× 10−12 9.67× 10−12 1.87× 10−11 -

Table 2: Results for Example 4.1 obtained using the NSFD method with parameters θ =
π

4
and k = 4.

N Method LReal
2 L

Imag
2 |L2| |L∞| COND

32 BiCGSTAB 5.03× 10−7 1.73× 10−7 5.32× 10−7 1.07× 10−6 3.672× 103

MG 3.86× 10−7 6.15× 10−8 3.91× 10−7 7.85× 10−7 -
64 BiCGSTAB 3.19× 10−8 1.10× 10−8 3.37× 10−8 6.79× 10−8 1.429× 104

MG 2.94× 10−8 7.39× 10−9 3.04× 10−8 6.06× 10−8 -
128 BiCGSTAB 4.37× 10−9 1.35× 10−9 4.58× 10−9 8.98× 10−9 5.632× 104

MG 3.09× 10−10 3.01× 10−10 4.31× 10−10 9.69× 10−10 -
256 BiCGSTAB 9.77× 10−10 7.68× 10−11 9.80× 10−10 2.10× 10−9 2.236× 105

MG 1.30× 10−10 4.70× 10−11 1.38× 10−10 2.78× 10−10 -
512 BiCGSTAB 5.28× 10−12 1.70× 10−12 5.57× 10−12 1.24× 10−11 8.905× 105

MG 3.67× 10−12 2.30× 10−12 4.38× 10−12 9.01× 10−12 -
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Table 3: Results for Example 4.1 obtained using the MG-GMRES method with parameters θ =
π

4
and k = 12.

N Method |L2| LReal
∞ L

Imag
∞ |L∞| COND

32 SFDM 2.76× 10−2 7.40× 10−2 6.82× 10−2 1.00× 10−1 1.313× 103

NSFDM 9.37× 10−5 2.50× 10−4 2.28× 10−4 3.39× 10−4 -
64 SFDM 7.26× 10−3 1.94× 10−2 1.78× 10−2 2.63× 10−2 3.856× 103

NSFDM 6.23× 10−6 1.66× 10−5 1.52× 10−5 2.25× 10−5 -
128 SFDM 1.85× 10−3 4.96× 10−3 4.53× 10−3 6.72× 10−3 1.608× 104

NSFDM 4.47× 10−7 1.20× 10−6 1.07× 10−6 1.60× 10−6 -
256 SFDM 4.68× 10−4 1.25× 10−3 1.14× 10−3 1.69× 10−3 8.066× 104

NSFDM 2.54× 10−7 4.80× 10−7 3.56× 10−7 6.00× 10−7 -
512 SFDM 1.17× 10−4 3.14× 10−4 2.87× 10−4 4.25× 10−4 3.210× 105

NSFDM 7.00× 10−8 1.46× 10−7 8.30× 10−8 1.68× 10−7 -

For the case k = 25 and COND = 8.279 × 104, the iterative solver BiCGSTAB exhibited diver-
gence and failed to attain convergence within the prescribed tolerance and maximum number of
iterations. This behavior indicates instability or inefficiency of the BiCGSTABmethod for the given
problem configuration at this parameter value. On the other hand, the multigrid method demon-
strated robust performance, successfully converging to a highly accurate solution. The resulting
error normswere notably small, with the discreteL2-norm of the error reaching |L2| = 1.71×10−6,
and the maximum norm attaining |L∞| = 7.2 × 10−6. These results highlight the superior con-
vergence properties and effectiveness of the MG method in handling the problem under consid-
eration, particularly in contrast to BiCGSTAB at the same value of k. The results are illustrated in
Figures 2−4.

(a) (b)

Figure 2: (a) Approximated imaginary part of the solution for N = 256. (b) Analytical imaginary part, serving as a reference to validate
the accuracy of the numerical solution.
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(a) (b)

Figure 3: (a) Numerical approximation of the real part of the solution at N = 256. (b) Analytical real part used as a reference to validate
the accuracy of the numerical results.

(a) (b)

Figure 4: (a) Numerical approximation of the real component of the solution at N = 256. (b) Numerical approximation of the imaginary
component of the solution atN = 256 .Both figures using BiCGSTAB.

Example 4.2.

∂2U

∂x2
+

∂2U

∂y2
+

∂2U

∂z2
+K2U = 0, (14)

and the solution is given by,

U(x, y, z) = ei(k1x+k2y+k3z), (15)

where

k1 = k cos θ cosϕ, k2 = k sin θ cosϕ, k3 = k sinϕ.

Tables 4 and 5present the numerical results obtainedusing theMG-GMRESmethod and theNSFD
method, respectively.
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Table 4: Results for Example 4.2 obtained using the MG-GMRES method with parameters k =
√
2, θ =

π

8
, and ϕ = 0.

N Method LReal
2 L

Imag
2 |L2| |L∞|

8 SFDM 6.180× 10−5 8.010× 10−5 1.015× 10−4 1.840× 10−4

NSFDM 5.210× 10−8 6.740× 10−8 8.520× 10−8 1.520× 10−7

16 SFDM 1.770× 10−5 2.300× 10−5 2.900× 10−5 5.270× 10−5

NSFDM 5.090× 10−9 6.630× 10−9 8.360× 10−9 1.120× 10−8

32 SFDM 4.710× 10−6 6.140× 10−6 7.740× 10−6 1.410× 10−5

NSFDM 3.500× 10−10 4.580× 10−10 5.780× 10−10 1.060× 10−9

64 SFDM 1.220× 10−6 1.580× 10−6 2.000× 10−6 3.64× 10−6

NSFDM 5.750× 10−12 6.950× 10−12 1.020× 10−11 3.000× 10−11

Table 5: Results for Example 4.2 obtained using the NSFD method with parameters k =
√
2, θ =

π

8
, and ϕ = 0.

N Method LReal
2 L

Imag
2 |L2| |L∞|

8 BiCGSTAB 6.410× 10−8 8.290× 10−8 1.050× 10−7 1.960× 10−7

MG 5.210× 10−8 6.740× 10−8 8.520× 10−8 1.520× 10−7

16 BiCGSTAB 1.420× 10−8 1.320× 10−8 1.940× 10−8 4.600× 10−8

MG 5.090× 10−9 6.630× 10−9 8.360× 10−9 1.120× 10−8

32 BiCGSTAB 5.300× 10−8 8.650× 10−8 1.010× 10−7 2.230× 10−7

MG 3.500× 10−10 4.580× 10−10 5.780× 10−10 1.060× 10−9

64 BiCGSTAB 2.144× 10−7 2.220× 10−7 3.090× 10−7 7.030× 10−7

MG 5.750× 10−12 6.950× 10−12 1.020× 10−11 3.000× 10−11

5 Conclusion

Thisworkpresented a comparative study of iterative solvers for the ill-posed complexHelmholtz
equation in 2D and 3D. The main novelty lies in integrating GMRES as a smoother within the
Multigrid framework, which significantly improved robustness and convergence for indefinite
and oscillatory systems. The results further demonstrated that theMultigridmethod outperforms
BiCGSTAB, particularly in highly oscillatory cases where BiCGSTAB often fails, while the use of
NSFDM enhances stability and accuracy compared to the classical FDM. These findings highlight
the originality and effectiveness of the proposed numerical framework for solving challenging
Helmholtz problems.

For future work, this study can be extended in several directions. First, investigating other
Krylov subspace methods and advanced preconditioning strategies may further improve conver-
gence for highly indefiniteHelmholtz systems. Second, applying the proposedMultigrid–GMRES
framework to larger-scale and more realistic physical models, such as acoustics or electromag-
netic scattering, would provide practical validation. Finally, extending the analysis to fractional
or integral-equation formulations of the Helmholtz problem may offer additional insights into
stability and efficiency.
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